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In classically chaotic systems, small differences in initial conditions are exponentially magnified
over time. However, it was observed experimentally that the (necessarily quantum) “branched flow”
pattern of electron flux from a quantum point contact (QPC) traveling over a random background
potential in two-dimensional electron gases(2DEGs) remains substantially invariant to large changes
in initial conditions. Since such a potential is classically chaotic and unstable to changes in initial
conditions, it was conjectured that the origin of the observed stability is purely quantum mechanical,
with no classical analog. In this paper, we show that the observed stability is a result of the
physics of the QPC and the nature of the experiment. We show that the same stability can indeed
be reproduced classically, or quantum mechanically. In addition, we explore the stability of the
branched flow with regards to changes in the eigenmodes of quantum point contact.
PACS numbers: 73.23.-b, 73.63.-b, 05.45.Mt
Branching is a universal phenomenon of wave prop-
agation in a weakly correlated random medium. It
is observed in 2DEGs with wavelength on the scale
of nanometers[1, 2], in quasi-two-dimensional resonator
with microwave[3] and used to study sound propagation
in oceans with megameter length scales[4]. It has sig-
nificant influence on electron transport in 2DEGs[5, 6]
and is found to be implicated in the formation of freak
waves in oceans[7]. In all these studies, classical trajec-
tory simulations show closely similar branch formation.
However, the classical interpretation was challenged by
a recent experiment on 2DEGs[8], where it was observed
that the (necessarily quantum) branched flow pattern
even far away showed stability of the branches against
the changes in the QPC. This stability was conjectured
to be of quantum origin[8]. To our best knowledge, no
insights into this stability have been provided since, and
it remains a puzzle in the literature. In this paper, we
provide an explanation for the observed stability. More-
over, we provide numerical simulations to show that it
can indeed be reproduced by classical trajectories.
To proceed, we need to recount what was done in the
experiment[8]. To create a large change in initial con-
ditions, the QPC was shifted by about one correlation
length of the underlying random potential, which is also
roughly the width of the QPC. Classically, a one correla-
tion length shift is indeed very significant for the chaotic
dynamics, making the trajectories very different, as seen
in the classical simulations of reference[8]. If one launches
two separate quantum wavepackets[9] through QPCs dif-
fering by this amount, the coherent overlap between the
two initial wavepackets is estimated at less than five per-
cent. However, in the experiment it is nonetheless ob-
served that some branches remain at almost exactly the
same locations seventy correlation lengths away from the
injection points, with the only observed difference being
the relative strength of each branch. This lack of sen-
sitivity even at long range was termed “the unexpected
features of the branched flow”.
The present paper gives an explanation to the observed
stability, by taking into account the effect of the change
of QPCs. As a Gedanken experiment, consider a pair
of side-by-side QPCs differing by a shift. This could
not be in the experiment, which had only one QPC,
which however was able to be shifted relative to the rest
of the device and the branched flow imaged again. In
the Gedanken experiment, suppose we put wavepacket A
though one QPC and wavepacket B through the other.
Can the coherent overlap between the initially nonover-
lapping A and B wavepackets increase over time and
distance from the QPC’s? The answer is of course no,
both classically (considered as overlap in phase space)
and quantally. It is elementary to show that the coherent
overlap must remain the same over time if the wavepack-
ets are propagated under the same Hamiltonian. This is
true whether or not disorder is present.
However, in the experiment as performed, the Hamilto-
nian of a single QPC and the Hamiltonian with the QPC
shifted over are not the same. Therefore, no theorem
constrains the evolution of the coherent overlap between
the two different initial wavepackets. As it will become
clear, this is exactly what leads to the observed stability.
In order to show this, we first consider the ideal case
where the QPC is perfectly adiabatic and provide an an-
alytical solution of the coherent overlap between the two
wavepackets launched from two different QPCs as a func-
tion of time. We show the correlation reaches almost one
at sufficiently large distance even if the initial coherent
overlap is negligible. We then choose a more realistic
QPC potential and also add smooth disorder of the type
causing the branching into the system. The coherent
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FIG. 1: (Color Online) Quantum simulations of the total flux in the y direction that passes through a given point. (a) plots the
case where the QPC is not shifted and (b) shows the case where the QPC is shifted by λF to the right . The white reference
grid(10λF ) denotes the same location in both images. The color axis shows the normalized density of flux per wavelength.
Both images start at y=y0 + 15λF . More information about these images can be found in the supplementary material. (c) A
schematic plot of the QPCs used in the simulations(Red in (a) and blue in (b)).
overlap in this case still reaches 85%. Finally, we show
that the same mechanism works for classical trajectories.
For the classical case, we calculate an overlap of 79% in
the phase space. Both results prove that the stability in
the experiment is due to the nature of the experimental
QPC shift. In the last part of the paper, we also make a
prediction on the stability of the branched flow when the
second mode in the QPC is open.
For a QPC with harmonic confinement, the Hamilto-
nian is
Ho =
~p2
2m
+
1
2
mω2(y)x2 (1)
where ω(y) is a slowly varying function of y and decreases
monotonically as the QPC opens up. According to the
approach developed in [9], we can reproduce the exper-
imental results by propagating an initial wavepacket of
the following form through the system.
Ψo(x, y, 0) =
∫
dE eiϕ(E,y0)
√
− m
2pi~2
∂fT (E,EF )
∂E
Ψ1(x, y, E)
(2)
where Ψ1(x, y, E) is the scattering eigenstate at energy
E , ϕ(E, y0) is chosen so that it is a compact wavepacket
centered at y = y0, and fT (E,EF ) is the Fermi distribu-
tion with temperature T and Fermi energy EF . This is
a so-called “thermal wavepacket” at temperature T. For
one mode open in the QPC, the thermal wavepacket gives
the correct thermally averaged conductance, by propa-
gating the wavepacket through the scattering region and
counting the total flux that passes through a given point.
More information about this method can be found in
both reference [9] and the supplementary material.
First we consider a perfect QPC and assume that disor-
der is absent. Numerical results including both disorder
and an imperfect QPC follow. For a perfectly adiabatic
QPC satisfying ω
′(y)
ω2(y)  m~kF and
ω′′(y)
ω2(y)  m~ , where kF is
the Fermi wavevector, Ψ1(x, y, E) can be approximated
by
Ψ1(x, y, E) =
A(y0)√
~k(y,E)
√
piσ(y)
e
i
∫ y
y0
k(y′,E)dy′− x2
2σ(y)2
(3)
where σ(y) =
√
~
mω(y) ,
~2k2(y,E)
2m +
1
2~w(y) = E and A(y0)
is the normalizing constant.
The effect of shifting the QPC is incorporated in the
initial wavepacket as
Ψs(x, y, 0) = Lˆ(x0)Ψo(x, y, 0) (4)
where Lˆ(x0) = e
−ix0pˆx/~ is the translation operator, x0
is the displacement of the QPC and pˆx is the momentum
operator in the x direction.
The two wavepackets evolve under the influence of
their respective QPC and the coherent overlap between
them at a later time t is given by
Co,s(t) =
∣∣∣∣∫ dxdy Ψ∗o(x, y, t)Ψs(x, y, t)∣∣∣∣
=
∣∣∣∣∫ dy H(y, t)S(y)∣∣∣∣ (5)
and
H(y, t) =
∫
dEdE′
|A(y0)|2 a∗(E′)a(E)
~
√
k(y,E)k(y,E′)
e−i(E−E
′)t/~
× ei(ϕ(E,y0)−ϕ(E′,y0)+
∫ y
y0
(k(y′,E)−k(y′,E′))dy′)
S(y) = e
− x
2
0
4σ(y)2
(6)
H(y,t) is essentially a function needed for normaliza-
tion and the integral can be estimated by considering
only S(y). When x0 is 0, S(y) = 1 and normalization
guarantees that Co,s(t) = 1. Initially, the wavepackets
are centered around y = y0 and we could choose an
initial displacement x0  σ(y0) such that S(y0) ∼ 0
and Co,s(0) ∼ 0 . As time increases, the wavepacket
3FIG. 2: (Color Online) Poincare Surface of Section at y=y0+25λF . (a) & (b) are calculated in the absence of disorder, but
disorder is present in (c) & (d). (c) is plotted before the QPC is shifted and (d) is when the QPC is shifted by λF to the right.
The color axis shows
√
P (x, vy) in (a) and
√
P (x, vx) in the rest, all in unit of 1/
√
vFλF , where vF is the Fermi velocity and
vx and vy are the velocity in the x and y direction respectively. More information about the method and this figure can be
found in the supplementary material.
will move away from the injection point and broaden.
At typical experimental temperatures, the broadening
is small compared with the distance it travels in y[9].
When the centers of the wavepackets reach a region far
from the the injection point, σ(y) around the new cen-
ters will grow to be much larger than x0 and we have
S(y) ∼ 1, Co,s(t) ∼ 1. In other words, even though we
start with two almost nonoverlapping(incoherent) initial
wavepackets, the QPCs increase the coherent overlap as
the wavepackets move away and this coherent overlap can
reach unity in the far region. This overlap is of coherent
nature and is different from the trivial spatial overlap one
might expect. Spatial overlap is not enough to explain
the experimentally observed stability due to the fluctuat-
ing phase in chaotic systems. However, our result shows
that the overlap is large even if one takes into account
the phases of the wavepackets and this coherent overlap
can not be destroyed by disorders. This large coherent
overlap only exists because the two different QPCs rep-
resent two different Hamiltonians. If propagated under
the same Hamiltonian, the coherent overlap will always
remain small.
In the experiment, both the finite size of the QPCs
(making them not perfectly adiabatic) and the disorder
can degrade the coherent overlap. We numerically esti-
mate the coherent overlap under these conditions. The
QPC’s size is estimated from the Scanning Gate Mi-
croscopy data in [8] and the random potential has a corre-
lation length of 0.9λF and standard deviation of 8%EF ,
where λF is the Fermi wavelength and EF = 7.5meV
is chosen to match that in the experiment. The random
potential is generated to match both the sample mobility
and the distance from donors to 2DEGs[18]. The numer-
ical results show that Co,s(t)= 85% when the QPC is
shifted by λF as in the experiment. Thus the degrada-
tion of the coherent overlap at long range from the QPC
is modest.
Starting with two almost nonoverlapping(incoherent)
initial wavepackets, and evolving separately under the
influence of two different QPCs, their coherent over-
lap increases with time and distance, increasing fastest
close to the QPCs. The coherent overlap eventually
saturates to some constant value far from the QPCs.
The two wavepackets now evolve effectively under the
same Hamiltonian and their coherent overlap cannot be
changed by the presence of disorder, for example. This
is why we measure 25λF downstream from the injec-
tion point, where the potential due to the QPC has died
off. Given the large coherent overlap between the two
wavepackets, we should expect the same set of branches
far from the injection point even though the flow patterns
look different close to the QPC, as shown in our quantum
simulations in Fig.1.
Another kind of disorder can reduce the overlap:
backscattering from hard impurity scatterers. However,
backscattering was suppressed in the original experiment
due to the high purity of the samples used[8].
Reference[8] included both classical and quantum sim-
ulations and discussion. Does our explanation of the
branch stability also apply to classical simulations? In-
deed it does, but the proper classical initial conditions to
represent the QPC are subtle and require care. A choice
that closely resembles the quantum initial conditions is to
use the Wigner quasiprobability distribution[12], defined
as
P (~x, ~p) =
1
pi~
∫ ∞
−∞
d~s e2i~p·~s/~Ψ∗(~x+ ~s)Ψ(~x− ~s) (7)
The advantages are twofold: a) it produces the
correct quantum spatial distribution P (~x) =∫
P (~x, ~p)d~p = |Ψ(~x)|2 and momentum distribution
P (~p) =
∫
P (~x, ~p)d~x = |Ψ(~p)|2; b) it properly accounts
for the momentum uncertainty due to the confinement
of QPC. Keeping y fixed at y0, applying (7) to (3) in x
4yields
P (x, px) =
1
piσpxσx
e
− p
2
x
σ2px
− x2
σ2x (8)
where σ2px = m~ω(y0) and σ
2
x = ~/mω(y0)
When ω(y) changes sufficiently slowly compared to the
motion in y, (8) holds approximately true for any y > y0,
which implies that momentum distributions are highly
correlated at any position no matter which QPC the elec-
tron originates from. The only difference is the overall
probability of arriving at that point. This already hints
as to why branches remain at the same positions with a
modified strength.
As in the quantum case, we use a realistic QPC poten-
tial, and weak random potentials in the open regions of
the 2DEGs. We sample according to (8), with the keep-
ing energy fixed at EF by eliminating trajectories with
larger energy in the Wigner distribution, and boosting
those with less in py. These details may be omitted and
do not change the conclusions about branch populations
and overlap. We propagate the electrons classically. We
show Poincare’ surface of section plots[10, 18] in Fig.2. In
the absence of disorder(Fig.2a and b), the adiabaticity of
the QPC ensures that when the electrons emerge, most
energy is transferred from the x (transverse) direction to
the y (longitudinal) direction, which is also expected in
the quantum case. The results when disorder is present
is shown in Fig.2c&d. As can be seen, very similar re-
gions in phase space are occupied, with different relative
strengths, when the QPC is shifted. To quantify the
overlap in phase space, we define the correlation to be
C(Po, Ps) =
∫
dxdpx
√
Po(x, px)Ps(x, px) (9)
where Po corresponds to the distribution in the origi-
nal QPC and Ps the shifted one. Twenty five wave-
lengths away from the injection point, it is measured that
C(Po, Ps)=79%, which is comparable to our quantum re-
sult.
The classical approach to branching is based on caus-
tics which develop in coordinate space due to focussing ef-
fects, and stable regions in phase space[13–15] which per-
sist some distance away from the injection point. (Even-
tually, stable regions, which form by chance so to speak
in the random potential, are also subject to destruction
further on in the random potential). Each branch cor-
responds to a localized region in phase space with its
strength determined by the electron density in those re-
gions. After shifting the QPC, similar regions in phase
space are occupied with only a changed relative density,
which means in coordinate space that the same branches
are occupied with a different strength. This explains the
observation in the experiment[8]. In Fig.3, we present our
simulations of the total classical flux that passes through
a given point, which confirms that classical trajectories
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FIG. 3: (Color Online) Classical simulations of the total flux
in the y direction that passes through a given point. (a)
shows the case where the QPC is not shifted and (b) shows
that when the QPC is shifted by λF to the right. The white
reference grid is at the same location in both images and the
plots start at y=y0 + 15λF . In both figures, the branches la-
beled by the red and yellow arrows are clearly visible. More
information about this figure can be found in the supplemen-
tary material.
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FIG. 4: (Color Online) Quantum simulations of total flux in
the y direction that passes through a given point when the
second mode of the QPC is open. (a) corresponds to the
first mode of the QPC while (b) shows contribution from the
second mode alone. The starting point and length scale are
the same as in Fig.1, but the flux strength is presented in log
scale instead. In both figures, the branches pointed to by the
red, yellow and purple arrows are clearly visible.
can indeed reproduce the observed stability. It is worth
noting that the same stable regions could in principle be
populated from both QPCs, causing some similarity of
branch appearance, but this will not be a generic effect
for all random potentials and QPC shifts[16].
One advantage of a classical interpretation is that it
can provide intuition in cases where the quantum dy-
namics is less intuitive. One example would be to con-
sider what happens when the second mode of QPC is
open. According to reference [9], we need to indepen-
dently propagate two wavepackets where one corresponds
to the first mode and the other corresponds to the second
mode. Their contributions to the flux are then added up
incoherently to produce the experimental measurements.
Since the contribution from the first mode is added inco-
herently, it is no surprise that the same set of branches
recurs when both modes are open. However, it is inter-
esting to ask what happens if one looks at the contribu-
tion from each mode alone. Quantum mechanically, the
5first and second mode are orthogonal to each other, and,
therefore have zero overlap at all time since the Hamilto-
nian is the same. However, the classical phase space re-
gions corresponding to the second mode alone would still
overlap more or less with that due to the first mode[17].
As a result, the second mode alone should still produce
some similar branches that appear in the first mode with
a different strength. In order to see this effect, we take
the logarithm of the quantum flux due to each mode alone
and present the results in Fig.4. As we can see, some of
the strongest branches are clearly preserved, which veri-
fies our prediction.
In conclusion, we have successfully explained the sta-
bility of branched flow against large changes in initial
conditions using both quantum and classical simulations,
which agree on the fact of the stability of branches
against shifts of the QPC injection point. This resolves a
puzzle raised by a recent experiment[8] and shows the role
of the QPC in enhancing the stability of branched flow
in 2DEGs. Our classical interpretation predicts a further
stability of the branched flow that can not be readily in-
ferred form the experiment. The interpretations in this
paper can provide useful insights into future applications
in the coherent control of electron flow, branch manage-
ment and probing local random potential.
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